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Abstract 
 
 The Eisenstein integers form an alternative system of complex “whole numbers”. In 
this note it is shown that the dimensions of the irreducible representions of SU(N) may be 
written in terms of such numbers. 
 Je dédie ce “motet” à David R. Speiser qui un jour m’a dit: “En mathématiques les 
guillemets n’existent pas”. 
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1. Introduction 
 
 In a work dealing with the classes of binary quadratic forms with complex integral 
coefficients, G. Eisenstein1 introduced the numbers a bω+  where a and b are real integers 
and ω  is an imaginary cube root of unity. 
 Fifty years ago, or so, D. Speiser2 noticed a curious connection between Lie Groups 
of rank 2 and the theory of complex variables. In particular he pointed out that in the lattice 
formed by the dimension function of SU(3), the values are the arithmetical means of their 
closed neighbors, fact which is reminiscent of harmonic functions. Consequently he 
proposed the following identity for the dimension ( )1 2,D P P  of an irreducible 
representation ( )1 2,P P  of SU(3): 
( ) ( ) 31 2 1 2 1 21 1, 2 3 3D P P PP P P Imz= + =                                      (1) 
 
In this note we shall clarify the meaning of this equation and subsequently we shall write 
the dimensions of the irreducible representations of SU(N) in terms of the Eisenstein 
numbers. 
 
 
2. Eisenstein integers and the dimensions  
of the irrreducible representations of the unitary groups 
 
 The Eisenstein integers are numbers a bω+ , where 1 3
2
iω − +=  is one of the 
cubic roots of unity, and the others are 1 and 2 1 3
2
iω − −=  . These numbers form a 
triangular lattice3,4. 
 
Lemma 1: The dimensions of the irreducible representations ( )1 2,P P  of SU(3) may be 
written through Eisenstein numbers as: 
( ) ( )
3
1 2, 3 3
mI a bD P P
ω+=  
 
The imaginary part of ( )3a bω+  is: 
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( ) ( ) ( )3 23 3 3 2m a b abI a b ab a b iω ω ω −+ = + =  
 
The number ( ) ( ) ( )31,
23 3 m
a b ab
N a b I a bω −= + =  may be assigned to each Eisenstein 
lattice point. If we set 1 2a P P= +  and 2b P= , we recover ( )1 2,D P P . 
 Long ago H. Weyl5 obtained the branching law for the groups of linear 
transformations. Hereafter we shall restrict his result to the case of unitary groups. For 
briefness we omit the details and we state the reduction SU(N)→SU(N-1): the SU(N) 
irreducible representation ( )1 2 1, ,..., NP P P −  reduces into SU(N-1) irreducible representations 
according to the formula: 
 
( ) ( )11 2
11 12 1, 1
1 2 1 1 11 12 2 12 13 2 1, 2 1, 1
1 1
, ,..., ... , ,...,
N
N
PP P
N N N N
k k k
P P P P k k P k k P k k
−
−
− − − −
= =
= − + − + − +⎡ ⎤⎣ ⎦ ∑ ∑ ∑  
 
In order to write the dimension of ( )1 2 1, ,..., NP P P −  in terms of Eisenstein numbers the 
reduction chain SU(N)→SU(N-1)→ … →SU(3) must be considered, i.e., the SU(3) 
content of ( )1 2 1, ,..., NP P P −  must be displayed. As an example let us examine the case of an 
irreducible representation of SU(5). Taking into account the chain SU(5)→SU(4)→SU(3), 
the dimension of ( )1 2 3 4, , ,P P P P  may be expressed as follows: 
 
( ) 3 2 12 13 3 13 141 2 4 1 11 12
11 12 13 14 21 22 23
1 2 3 4
1 1 1 1 1 1 1
, , ,
P P k k P k kP P P P k k
k k k k k k k
D P P P P
− + − +− +
= = = = = = =
= ∑ ∑ ∑ ∑ ∑ ∑ ∑  
 
( ) ( ) ( )
3
11 12 21 22 12 13 22 23 12 13 22 23
1 3
2 2
3 3
mI a b k k k k b k k k k I b k k k k
⎧ ⎫⎪ ⎪− − + − + + − + − + + − + − +⎨ ⎬⎪ ⎪⎩ ⎭  
 
Although such identities acquire an involved aspect their underlying structure is 
transparent. The general result is: 
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Lemma 2: The dimension of the irreducible representation ( )1 2 1, ,..., NP P P −  of SU(N) may 
be written in terms of Eisenstein numbers as: 
( ) 2 1, 2 1, 1 1 1, 3 1, 2 2, 3 2, 211 1 11 12 1 11 12 21 22
11 1, 1 21 2, 2 3,1 3, 3
1 2 1
1 1 1 1 1
, ,..., ... ... ... ...
N N N N N N NN
N N N
P k k P k k k kPP P k k P k k k k
N
k k k k k k
D P P P
− − − − − − −−
− − −
− + − + − +− + − + − +
−
= = = = =
= ∑ ∑ ∑ ∑ ∑ ∑  
 
( ) ( )m 11 12 21 22 31 32 12 13 22 23 32 33I 1... ...23 3 a b k k k k k k b k k k k k k
⎧ − − + − + − + − + − + − + − + −⎨⎩  
 
( )
3
12 13 22 23 32 33
3 ...
2
i b k k k k k k
⎫⎪+ − + − + − + − ⎬⎪⎭
 
 
Remark that this formula consists of ( )( )1 2 3
2
N N+ −  summations. 
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